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                                                      SUMMARY 
 
      Mixed convections of air with Prandtl number of 0.701 in concentric and eccentric 
horizontal annuli with isothermal wall conditions are numerically investigated. The 
inner cylinder is stationary and at a higher temperature while the outer cylinder is 
rotating counter-clockwise. The effects of various parameters such as the radius ratio 
of the annulus, the eccentricity of the annulus, the Rayleigh number and Reynolds 
number of the rotation of the inner cylinder are studied using a two-dimensional 
finite-difference model. Overall and local heat transfer results are obtained. The 
physics of the flow underlying the heat transfer behavior observed is revealed by the 
streamline and the isotherm plots of the numerical solutions.  
      For the case of concentric cylinders, the present numerical results are in good 
agreement with the similar results of other investigators where such results are 
available. In particular, rotating outer cylinder in the concentric cylinders was 
investigated, the flow patterns were categorized into three types, and characteristics of 
flow patterns and heat transfer are elucidated.  
       For the flows in horizontal eccentric annulus, the flow and the heat transfer are 
strongly influenced by the orientation and eccentricity of inner cylinder. Around the 
inner cylinder, there exists a stagnant area in the opposite direction of eccentricity. 
       The turbulence and instability situation is the aim which the next researchers need 
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Chapter 1 Introduction 
 
1.1 Background 
Natural convection in an annulus between two horizontal cylinders kept at constant 
surface temperatures has received much attention because of the theoretical interest and 
its wide engineering applications, such as in thermal energy storage systems, cooling of 
electronic components, and electrical transmission cables. Theoretically, natural 
convection in the horizontal annulus has been one of the focuses of heat transfer 
research by reason that the large variety of flow structures will be encountered in this 
configuration. For example, for small annular gap, two-dimensional (2-D) 
Rayleigh-Benard-like solutions are shown at the top annulus region; for large radius 
ratios, oscillating thermal plumes are seen to develop. Due to its simple geometry and 
well-defined boundary conditions, the basic and fundamental configuration, the flow 
and thermal fields have been studied extensively by many researchers. 
The mixed-convective flow in an annulus due to rotation of the cylinder in the 
absence of bulk axial flow is one of the most widely investigated topics in the fluid 
mechanics. Following the publication of the classic experimental and analytical paper 
of Taylor (1923), numerous studies on the transitions in circular Couette flow have 
been made; however, most works [Guo and Zhang (1992), Shaarawi and Khamis 
(1987), Hessami, et al. (1987)] for mixed-convection problems in rotating system have 
been conducted for the flows in vertical annuli. For horizontal annuli, when the inner 
cylinder or both of the inner and outer cylinders are rotating, the centrifugal effects 
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created by the rotating cylinder can lead to three-dimensional flows with Taylor 
vortices [DiPrima and Swinney (1981)]. Many authors [Fusegi and Ball (1986), Lee 
(1992a, 1992b)] have investigated the mix-convective flows within a horizontal annulus 
with heated rotating inner cylinder but purposely limited the calculations to a range of 
parameters that would exclude this possibility. They considered a few cases of 
parameters; and the transition phenomena of flow patterns and the effect of aspect ratio 
were not investigated. On the contrary, the Couette flow between two horizontal 
concentric cylinders, with the stationary inner cylinder and the outer cylinder rotating 
about its axis at constant angular velocity (ω ) is proved to be stable, according to linear 
stability theory, for all values of ω  [DiPrima and Swinney (1981)]. When the inner 
cylinder or both cylinders are rotating, however, the linear stability theory shows that 
the flow is not always stable for all values of ( ω ). It thus appears that a 
mixed-convection system with the heated stationary inner cylinder and the outer 
rotating cylinder is an appropriate configuration to investigate the effect of forced flow 
on the two-dimensional natural convection in a horizontal annulus. There is, of course, 
a possibility of three-dimensional flows for nonlinear disturbances at sufficiently high 
Rayleigh number and Reynolds number. In the mixed-convection problem, the forced 
flow can aid or oppose the buoyancy-induced flow.  
 
1.2 Literature Review  
Natural convection between horizontal concentric isothermal cylinders was first 
investigated experimentally by Beckmann (1931) with air, hydrogen and carbon 
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dioxide as the test fluids to obtain overall heat transfer coefficients. A large part of the 
experimental work was devoted to finding the overall heat transfer between the 
cylinders using the non-dimensional parameter defining the temperature difference 
between the cylinders. A comprehensive review of steady two-dimensional (2-D) 
convection was presented in the work of Kuehn and Goldstein (1976), in which 
experimental and numerical study were performed to determine velocity and 
temperature distributions and local heat transfer coefficients for convective flows of air 
and water within a horizontal annulus. With water, they demonstrated that the flow 
remained steady even though the Rayleigh number was well over the critical value 
obtained experimentally with air, which suggests that the Prandtl number affected the 
transition characteristics. In their experiment work, Powe et al. (1969) depicted flow 
regime transitions for air-filled annuli and were the first to present a chart for the 
prediction of the nature of the flow according to the Rayleigh number and radius ratio R. 
This chart shows the limit between the base flow and the two- or three-dimensional 
flow patterns, stationary or oscillatory, which follow the named pseudo-conduction 
regime. They found that free convective flow of fluid with high Prandtl number could 
be neatly categorized into four basic types depending upon the Rayleigh number and 
the inverse relative gap width σ  (= diameter of the inner cylinder/gap width) between 
the cylinders. A steady two-dimensional steady flow characterized by two 
crescent-shaped cells occurs at sufficiently small Rayleigh numbers regardless of the 
radius ratio R. Other three different unsteady flow patterns were observed depending on 
σ  with the Rayleigh number was increased above a critical value: a steady 
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two-dimensional (2-D) oscillatory flow with 8.2<σ (wide gap), a three-dimensional 
(3-D) spiral flow with 5.88.2 <<σ (medium gap), and a two-dimensional multicellular 
flow with 5.8>σ . 
Unlike the case of natural convection in concentric annulus, similar experimental 
studies for the eccentric annulus are few. The effect of vertical and horizontal 
eccentricities on the overall heat transfer coefficient was first experimentally 
investigated by Zagromov and Lyalikov (1966) using air as the test fluid. Using optical 
interferometry, Kuehn and Goldstein (1978) studied the local and overall heat transfer 
coefficients for both horizontal and vertical eccentricities of magnitude re  up to about 
2/3. They found that although the distribution of the local heat transfer coefficient was 
substantially altered by eccentricity, the overall heat transfer coefficient did not change 
by more than 10% from the concentric value at the same Rayleigh number. The effect 
of moving the inner cylinder downwards is to cause the overall heat transfer to increase 
while moving the inner cylinder upwards has the opposite effect. Yeo (1984) used the 
same method as Kuehn and Goldstein (1976); (1978) to verify the overall heat transfer 
coefficients predicted by the numerical model. His experimental results were in good 
agreement with the experimental results of Kuehn and Goldstein (1978) obtained using 
nitrogen as test fluid and fit the present numerical curve very well with deviations 
typically less than 5%. Lee (1991) performed the numerical experiments to study 
rotational effects on the mixed convection of low Prandtl number fluids enclosed 
between the annuli of concentric and eccentric horizontal cylinders. For the range of 
Prandtl numbers considered here, numerical experiments showed the mean Nusselt 
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number increases with increasing Rayleigh number for both concentric and eccentric 
stationary inner cylinders. At a Prandtl number of order 1.0 with a fixed Rayleigh 
number, when the inner cylinder is made to rotate, the mean Nusselt number decreases 
throughout the flow. Dennis and Sayavur (1998) investigated the flow in eccentric 
annuli of drilling fluids commonly used in oil industry analytically and experimentally. 
The expression for azimuthal velocity as a function of eccentricity ratio and theological 
parameters of the fluid has been obtained based on the linear fluidity model. Velocity 
profiles were measured for a Newtonian glycerol/water mixture and a non-Newtonian 
oil field spacer fluid in eccentric annuli using the stroboscopic flow visualization 
method.  
Because of the limitations of the analytical approach and with the availability of 
large computing machines, numerical methods now are frequently applied to solve the 
equations which govern the flow and heat transfer in the annulus. There are more 
notable successes here. 
Some earlier numerical solutions were obtained by Crawford and Lemlich (1962) 
using a Gauss-Seidel iterative method. Abbot (1962) used a matrix inversion technique 
to obtain solutions for the case of narrow annuli. Powe et al. (1971) applied numerical 
method to determine the Rayleigh number for the onset instability in the flow at 
relatively low radius ratios and obtained reasonably good qualitative agreement with 
the earlier experimental results of Powe et al. (1969) on the delineation of the flow 
regimes. Their numerical results seem to indicate that the onset of multicellular flow at 
low radius ratios does not affect the overall heat transfer significantly. Charrier-Mojtabi 
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et al. (1980) gave numerical solutions using the alternating direction implicit (ADI) 
method for three cases: a wide annulus (R=2.26) for Pr=0.7, a narrow annulus (R=1.2) 
for Pr=0.7 and a wide annulus (R=2.5) for Pr=0.02. On treating the problem 
numerically at high Rayleigh numbers, Jischke and Farshch (1980) divided the flow 
field of an annulus into five regions which include an inner boundary layer near the 
inner cylinder, an outer boundary layer near the outer cylinder, a vertical plume region 
above the inner cylinder, a stagnant region below the inner cylinder and a core region 
surrounded by these four regions; they applied the boundary layer approximation to 
obtain the temperature distribution and heat transfer rates. A numerical parametric 
study was carried out by Kuehn and Goldstein (1980), in which the effects of the 
Prandtl number and the radius ratio on heat transfer coefficient were investigated. 
Farouk and Guceri (1982) applied the ε−k  turbulence model to study the turbulent 
natural convection for high Rayleigh numbers ranging from 76 10  to10  with a radius 
ratio of 2.6. A comparison of Nusselt numbers between the results obtained numerically 
and those obtained experimentally by other investigators showed a good agreement. 
Tsui and Tremblay (1984) presented the results of mean Nusselt numbers for both 
transient and the steady natural convection. San Andres (1984) found the size of the 
separation eddy and the position of the points of separation and reattachment to be 
Reynolds number dependent in the numerical study of flow between eccentric cylinders. 
The separation point moves in the direction of rotation upon increasing the Reynolds 
number, in contradiction of the first-order inertial perturbation theory of Ballal and 
Rivlin(1976). The numerical methods employed in their study include Galerkin’s 
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procedure with B-spline test function. Galpin and Raithby (1986) assessed the impact 
of the ‘standard’ treatment of the T-V coupling and proposed an improved method. 
Newton-Raphson linearization was investigated as a means of accelerating the 
convergence rate of control volume-based predictions of natural convection flow. It is 
found that repeated solutions of the Newton-Raphson linear set converge monotonically 
for a much wider range of relaxation, and the maximum convergence rate can be 
significantly higher than that corresponding to the standard linear set. Lee and Yeo 
(1985) developed a numerical model to study the effects of rotation on the fluid motion 
and heat-transfer processes in the annular space between eccentric cylinders when the 
inner cylinder is heated and rotating. The overall equivalent thermal conductivity ( eqK ) 
is obtained for Rayleigh numbers Ra up to 610  with rotational Reynolds number Re 
variations of 0-1120. Investigation shows that, for Re up to the order of 210 , the 
numerical model shows promising results when Ra is increased. Numerical solutions 
for laminar, fully developed, forced convective heat transfer in eccentric annuli were 
presented by Manglik and Fang (1995). With an insulated outer surface, two types of 
thermal boundary conditions had been considered: constant wall temperature (T) and 
uniform axial heat flux with constant peripheral temperature (H1) on the inner surface 
of the annulus. Velocity and temperature profiles, and isothermal Re, jiNu ,  and 
HiNu , values for different eccentric annuli ( 6.00
* ≤≤ ε ) with varying aspect ratios 
( 75.025.0 * ≤≤ r ) are presented in their paper. The eccentricity is found to have strong 
influence on the flow and temperature fields. The flow trends to stagnate in the narrow 
section and has higher peak velocities in the wide section. The flow maldistribution is 
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found to produce greater nonuniformity in the temperature field and degradation in the 
average heat transfer. Yoo (1996) numerically investigated dual steady solution in 
natural convection in an annulus between two horizontal concentric cylinders for a fluid 
of Prandtl number 0.7. It is found that when the Rayleigh number based on the gap 
width exceeds a certain critical value, dual steady two-dimensional (2-D) flows can be 
realized: one being the crescent-shaped eddy flow commonly observed and the other 
the flow consisting of two counter-rotating eddies and their mirror images. The critical 
Rayleigh number decreases as the inverse relative gap width increases. Borjini, Mbow 
and Daguenet (1998) numerically studied the effect of radiation on unsteady natural 
convection in a two-dimensional participating medium between two horizontal 
concentric and vertically eccentric cylinders by using a bicylindrical coordinates system, 
the stream function, and vorticity. Original results are obtained for three eccentricities, 
Rayleigh number equal to ,10,10 54  and a wide range of radiation-conduction 
parameter. Shu and Yeo (2000) applied the global method of polynomial-based 
differential quadrature (PDQ) and Fourier expansion-based differential quadrature 
(FDQ) to simulate the natural convection in an annulus between two arbitrarily 
eccentric cylinders. Their approach combined the high efficiency and accuracy of the 
differential quadrature (DQ) method with simple implementation of pressure single 
value condition. The result confirmed the works by Guj and Stella (1995). Escudier et 
al.(2000) conducted a computational and experimental study of fully developed laminar 
flow of a Newtonian liquid through an eccentric annulus with combined bulk axial flow 
and inner cylinder rotation. Their results were reported for calculation of the flow field, 
Chapter 1  Introduction                                                               
   9
wall shear stress distribution and friction factor for a range of values of eccentricityε , 
radius ratio κ and Taylor number Ta. 
Discrepancies among the results reported in the literature for narrow annuli are 
found (Rao et al., 1985; Fant et al., 1989; Cheddadi et al. 1992; Kim and Ro., 1994). 
Large differences are shown not only for the Ra values at which bifurcation occur but 
also in regard to a possible existence of hysteresis phenomena. For example, Kim and 
Ro (1994) and Fant et al. (1989) found a hysteresis numerically, whereas Rao et al. 
(1985) show only one type of multicellular flow. Cheddadi et al. (1992) presented two 
numerical solutions at the same Ra that depends on the initial conditions: the crescent 
base flow and a multicellular one. However, they failed to obtain multicellular flows 
experimentally. Rao et al. (1985) and Kim and Ro (1994) supported numerically the 
general trends presented by Powe et al. (1969); that is, the appearance of multicellular 
flow patterns in the upper part of narrow annuli. Furthermore, Rao et al. reported a 
transition of the steady upper cells to oscillatory motion at moderate Rayleigh numbers. 
Using a linear stability analysis of steady two-dimensional natural convection of a fluid 
layer confined between differentially heated vertical plane walls, Korpela et al. (1973) 
reported that the flow is primarily unstable against purely hydrodynamic steady waves 
in the limit of zero Prandtl number. These secondary shear-driven instabilities are 
crossing cells called “cat’s eyes.” Increases in Prandtl number lead to the appearance of 
buoyancy-driven oscillatory instabilities. The critical value of Pr determining which 
type of instabilities appears has been numerically determined which type of instabilities 
appears has been numerically determined to be around Pr = 12.7 by many authors. In 
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slots of finite ratio A (height over width) the vertical temperature gradient is an 
additional results and linear stability analysis, Roux et al. (1980) have demonstrated the 
existence of a zone of limited extent in the (Ra, A)-plane inside which steady cat’s eyes 
can develop. This zone is only for aspect ratios larger than about A=11 for air-filled 
cavities. This result was confirmed by the numerical studies of Lauriat (1980), Lauriat 
and Desrayaud (1985), and more recently by Quere (1990) and Wakitani (1997). As Ra 
is further increased, a reverse transition from multicellular flow to unicellular flow 
occurs and this has been numerically and experimentally demonstrated by Roux et al. 
(1980), Lauriat (1980), Desrayaud (1987), and Chikhaoui et al. (1988). Cadiou, 
Desrayaud and Lauriat (1998, 2000) studied numerically the flow structure which 
develops both in horizontal and vertical regions of narrow air-filled annuli and devoted 
some part of their paper to the thermal instabilities observed in the top of the annulus.  
Yoo (1998) numerically investigated natural convection in a narrow horizontal 
cylindrical annulus for fluids of 3.0Pr ≤ . For 2.0Pr ≤ , hydrodynamic instability 
induces steady or oscillatory flows consisting of multiple like-rotating cells. For Pr = 
0.3, thermal instability creates a counter-rotating cell on the top of annulus.  
Results for a porous layer are less numerous. Caltagirone (1976) visualized the 
thermal field using the Christiansen effect and observed a fluctuating three-dimensional 
regime in the upper part of the layer even though the lower part remained strictly 
two-dimensional. Caltagirone’s experiments had been reconsidered by Mojtabi et al. 
(1991) for the same radius ratio. Rao et al. (1987, 1988) have solved the Boussinesq 
equations in both two and three dimensions using the Calerkin method. The 
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two-dimensional bifurcation phenomena of this problem have been studied, using 
perturbation techniques, by Himasekhar and Bau (1988) for small radius ratios. Arnold 
et al. (1991) solved the two-dimensional equations using a very fine mesh. Barbosa 
Mota and Saatdjian (1994) solved the two-dimensional equation model used by Arnold 
to study in detail the possible flow regimes in a horizontal, porous cylindrical layer.  
Until very recently, numerical studies have been limited to flows in the steady 
laminar regime. Kenjeres and Hanjalic (1995) studied natural convection in horizontal 
concentric and eccentric annuli with heated inner cylinder using several variants of 
single-point closure models at the eddy-diffusivity and algebraic-flux level. Their 
results showed that the application of the algebraic model for the turbulent heat flux 
derived from the differential transport equation and closed with the low-Reynolds 
number form of transport equations for the kinetic energy κ , its dissipation rate ε , 
and temperature variance 2θ , predicted well results for a range of Rayleigh numbers, 
for different overheating and inner-to-outer diameter ratios. 
Thermal convection of fluids with low Prandtl number exhibits more complicated 
flow patterns for high Rayleigh numbers [Mack and Bishop(1968); Custer and 
SAhaughnessy (1977); Charrier-Mojtabi et al. (1979); Fant et al. (1990); Yoo et al. 
(1994)]. Fant et al. studied unsteady natural convection for the limiting case of 0Pr =  . 
They simplified the Boussinesq approximated Navier-Stokes equations into 
Cartesian-like boundary-layer equations by means of a high Rayleigh number, 
small-gap asymptotic theory. They found that a steady multicellular instability sets in 
first, and then time-periodic and complex unsteady multicellular flows develop as the 
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scaled gap spacing increases. Recently, Yoo et al. (1994) investigated the 2-D natural 
convection of a low Prandtl number ( 2.0Pr = ) fluid in a wide range of gap widths. 
They solved the complete 2-D N-S equations and the energy equation without 
approximations such as those of Fant et al. (1990). They obtained a steady unicellular 
convection with low Rayleigh number, and got a steady bicellular flow above a 
transition Rayleigh number that depends on the gap width. With further increase of the 
Rayleigh number, steady or time-periodic multicellular flow appeared till finally 
complex oscillatory multicellular flow occurred. 
 
 
1.3 Objectives and Scope 
The effects of the rotation of the outer cylinder on the flow and the heat transfer, in 
concentric configuration and eccentric configuration, appear to the author to be an area 
where to-date not much work has been done, and which offers scope for detailed 
investigation.  
In this numerical study, two-dimensional mixed-convection problems in horizontal 
annuli of concentric and eccentric configurations are investigated.  
The objectives of the present study are as follows: 
1) Using finite difference methods, construct a two-dimensional numerical 
model to study the characteristics of heat and fluid flow in concentric annuli 
with outer cylinder rotating. The overall and local heat transfer coefficients 
over a wide range of Rayleigh numbers and at various radius ratios are 
investigated. 
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2) The numerical model is then extended for the study of the effects of rotation 
of the outer cylinder on the flow and the heat transfer in concentric and 
eccentric annuli. Furthermore, this work aims to study the effects of rotation 
on the local and the overall heat transfer coefficients in concentric and 
eccentric cylinders at various radius and Rayleigh numbers. 
In the present study, the effects of various system parameters such as the geometry 
of the annulus, the properties of the fluid and the rotation rate of the outer cylinder on 
the flow and the heat transfer in the annular spaces are investigated. Because of its 
common occurrence in practice, the inner cylinder is considered to be the hotter 
cylinder and it is further assumed that the two cylinders are kept isothermal. This study 
mainly focuses on the flow in the laminar regime. 
Fig. 1.1 shows schematically a typical annular region being studied and the physical 
quantities involved. Geometric parameters define the geometry of the annulus and its 
orientation relative to the gravity vector g . They are  
1) the radius ratio io rr , and 








ee vhr ,  
  where io rrL −=  is the ‘mean’ clearance of the annulus as shown in Fig 1.1.  
he  and ve  are respectively the horizontal and the vertical displacements of the centre 
of the inner cylinder from that of the outer cylinder. The magnitudes of the eccentricity 
vectors re  and e  are denoted by re  and e  respectively. 
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Chapter 2  Problem Formulation 
 
    The flow and the heat transfer in the annular space between two horizontal 
circular cylinders with parallel axes is the main problem that is being studied. The 
cylinders are assumed to be isothermal with the inner cylinder being heated and the 
outer cylinder being rotating. Fig. 2.1 shows the schematic configuration of the 
concentric and eccentric annulus. In the finite difference method, the effects of such 
parameters as radius ratio, eccentricity of the annular, the Rayleigh number, the 
Prandtl number and the rotation of the inner cylinder expressed in the form of a 
Reynolds number are of interest to the present investigation. 
The cylinders studied here are assumed to be isothermal with the inner cylinder 
being held at a higher temperature iT  and the outer one at oT ( )oi TT > . The inner 
cylinder is fixed while the outer one is rotating in the counter-clockwise direction 
with constant angular velocity ( )ω . The fluid flow and the heat transfer in the annular 
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2.1 The governing equations  
The fluid flow and the heat transfer in the annular region are governed by the 
equations of momentum, mass and energy conservation. These equations may be 
found in standard texts such as Eckert et al. (1972) and Parker et al. (1969). 
 
2.1.1 Simplifying governing equations 
These governing equations in their original and complete form are highly complex. 
In formulating the actual equations used in this study, several simplifying assumptions 
are made: 
(a) The flow is assumed to be effectively invariant along the axial direction of the 
cylinders. This leads automatically to a two-dimensional model. 
The two-dimensional approximation is a good representation of the real flow 
in a long finite length annulus away from the ends provided there are no 
three-dimensional instabilities. 
(b) The flow is assumed to be laminar. This is an essential assumption because 
unless some form of turbulence modeling is used, the governing equations in 
their usual form will break down when the flow becomes turbulent.  
(c) The Boussinesq approximations are adopted 
(i) All the properties of the fluid are assumed constant at a reference 
temperature 'rT  except for density changes induced by changes of 
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temperature in the body-force terms of the momentum conservation 
equations. 
(ii) The velocity gradients are sufficiently small so that the effect on the 
temperature of the conversion of work to heat can be ignored. 
(iii) The equation of state for density ρ  as a function of temperature 'T  
is linear, that is )).(1( '' rr TT −−= βρρ  
The Boussinesq approximations in the above form have been used by numerous 
investigators for the study of natural convection flow. For the two-cylinder case, it has 
been used by Kuehn and Goldstein (1976), Projahn et al. (1981) and others. The 
applicability of the Boussinesq approximations has also been studied. A brief 
summary of such studies may be found in Gray and Giorgini (1976). Joseph (1976) 
also gives a brief history of the origin of these simplifying assumptions and attributes 
its first use to Oberbeck in 1879. Using the assumption that the equations of state for 
all the relevant properties are linear function s of temperature and pressure and the 
criterion that the Boussinesq approximations are ‘good’ when deviations of the 
properties from the constant property assumption are no more than 10%, Gray and 
Giorgini (1976) delineated combinations of temperature and length scales to be less 
than C06.28  and 2103.8 ×  m respectively. The numerical study of Leonardi and 
Reizes (1981) for natural convection in rectangular cavities showed that the overall 
heat transfer coefficients obtained using the Boussinesq approximations are close to 
those predicted by the unsimplified form of the governing equations, though the flow 
and the temperature fields appear to differ somewhat. 
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With these simplifying assumptions (a) to (c), the governing equations are: 

















        (2.1.1) 
(2) Continuity Equation 
0' =⋅∇
−
U                                          (2.1.2) 










α                             (2.1.3) 
Because of the repeated use of some symbols in both dimensional and 
dimensionless forms, the prime symbol '  is used to emphasize the dimensional form 
of the variables as distinct from its dimensionless usage. 
 
2.1.2 Stream-Function Vorticity formulation 
Defining two functions  'ψ  and 'ζ  respectively as the Stream-Function and 
the Vorticity and taking the curl of equation (2.1), the three governing equations, (2.1) 
to (2.3), are recast in the Stream-Function Vorticity form. The Stream-Function and 
the Vorticity are defined by the following relations: 
'' ζ=×∇
−















ψψ                               (2.1.5) 
'ζ  is a vector quantity. But because 
−
'U  is a vector field in a two-dimensional vector 
subspace of a three-dimensional Euclidean vector space, 'ζ  is one-dimensional and 
may be treated as a scalar quantity. The pressure gradient term in the Momentum 
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conservation equation (2.1.1) is eliminated because the curl of a gradient is identically 
zero. The use of 'ψ , the Stream-Function, ensures that the continuity condition is 
automatically met.  
The resultant equations in the Stream-Function Vorticity formulation are: 










       (2.1.6) 
(2) The Stream-Function Vorticity equation: 
''2 ζψ −=∇                                      (2.1.7) 
which is the definition of Vorticity 'ζ  in terms of 'ψ . 










α                           (2.1.8) 
where the convective terms have been put in the conservative form using the 
mathematical identity fUUfUf ∇⋅+⋅∇=⋅∇
−−−
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Under this scheme of non-dimensionalization, the governing equations (2.1.6) to 
(2.1.8) assume the following form: 
 







       (2.1.9) 
 (2) Stream-Function Vorticity Equation: 
 ζψ −=∇ 2                                            (2.1.10) 







                                  (2.1.11) 
where Pr and Ral are the dimensionless parameters. 
 
 
2.2 Coordinate system  
Equations (2.1.9) to (2.1.11), in the Cartesian form, are not suitable for the 
accurate evaluation of boundary conditions on the curve boundaries. For concentric 
cases, the Polar coordinate system is therefore employed for the concentric cases.  
For the eccentric cases, the bipolar coordinate system, a more convenient coordinate 
system, is adopted. The Bipolar coordinate system cannot be used for the concentric 
cases owing to singularity at 0=re .  
 
 
2.2.1 Concentric geometry 
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The transformation between the Cartesian x-y coordinate system and the r-θ  
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2.2.2 Eccentric geometry 
The transformation between the Cartesian x-y coordinate system and the Bipolar 
ηξ −  coordinate system is given by the following relations: 
)cos/(coshsin),cos/(coshsinh ξηξξηη −=−= cycx            (2.2.5) 
)( ∞<<−∞ η       )20( πξ ≤≤  
where c is a scaling factor of the transformation related to the eccentricity ratio re  
and the radius ratio of the two cylinders. Fig. 2.1 shows typical bipolar coordinate 
lines in the eccentric annular region between the two cylinders. 
 The Governing Equations in the bipolar coordinate system are: 
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2.3 Boundary Conditions 
In this study, for both of concentric and eccentric cases, the outer cylinder is cool 
and rotating counter-clockwise, and the inner one is heated and stationary. 
 
2.3.1 Velocity and thermal boundary conditions 
 With the inner cylinder rotating at an angular velocity (ω ) corresponding to a 
rotational νωLRo=Re  and assuming no slip at the boundaries, the velocity at the 




















                  (2.3.1) 
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The present study is concerned only with isothermal cylinders. The dimensionless 
temperature T at the surface of the cylinders for both the concentric and eccentric 
geometries are as follows:  










                   (2.3.2) 
 
2.3.2 Vorticity Boundary Conditions 
The vorticity boundary condition is evaluated directly from its definition from a 
given distribution of the Stream-Functionψ : 
wallwall |
2ψζ −∇=                                 (2.3.1) 
In generalized orthogonal curvilinear coordinates and using the non-slip flow 



















−=                         (2.3.2) 
where η  is constant along the wall and grid lines of constant ξ  are perpendicular 
to the wall. ηh  and ξh  are the scale factors of the transformation. 
For the concentric case, r and θ  may be taken as η  and ξ  respectively so 









−=                                  (2.3.3) 
    For the eccentric case, ( ) hchh =−== ξηηξ coscosh  in the Bipolar coordinate 








−=                                      (2.3.4) 
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2.3.3 Stream-Function boundary conditions 
 For a stationary annulus, the stream functions iψ  and oψ  are set to zero. This 
is because when the rising plume touches the outer cylinder wall, it is being cooled 
and begins to sink in two streams along the surface of the outer cylinder on both sides. 
The warm fluid is progressively cooled on its way down until it joins back the body of 
comparatively slow moving or stagnant fluid at the bottom of the annulus. The 
circulating volumetric flow rate round the cylinders is zero. When any one of the 
cylinders is made to rotate, the stream function value ψ on the wall of the cylinder 
cannot be preassigned. The absolute value of oi ψψ −  would in the fact be 
proportional to the circulating volume flow rate around the annulus induced by the 









ψ along the wall of the cylinder. This implies that the 
fluid is numerically “leaking” through the moving cylinder wall. It is obvious that this 
situation is unacceptable and the gradient boundary condition is insufficient. 
In the present study stream function value ψ is determined using the criterion 
that the pressure distribution in the solution region is a single-valued function. Similar 
criteria were used by Launder and Ying (1972) and Lewis, E (1979) for the numerical 
studies of isothermal flows in non-simply connected geometries. Mathematically, this 




∂  along any closed 
loop circumscribing the inner cylinder is zero, i.e. ∫ =∂∂ .0dssP  sP∂∂ can be evaluated 
from the momentum conservation equations. The stream function boundary 
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conditions for both the concentric and eccentric case are of the Dirichlet type as 
follows: 









                                       (19) 




2.4 Cases Specification 
With the non-dimensionalization scheme of section 2.1.3, the cases studied could 
be fully specified with the following parameters known: 
(a) the radius ratio io rr / , 




 or re  and positional angle φ , 
(c) the Prandtl number Pr, 
(d) the Rayleigh number Ra , 
(e) the Reynolds number Re. 
The first two parameters specify the geometry of the two-dimensional solution 
region. The dimensionless parameters Pr and Ra appear explicitly in the governing 
equations. The Reynolds number Re, a measure of the wall velocity of the outer 
cylinder, is implemented through the vorticity boundary conditions. 
 The governing equations (2.1.9) to (2.1.11) represent a set of coupled partial 
differential equations that must be solved to steady state. There is no known closed 
form solution to these equations for the geometrical configuration and boundary 
conditions that are investigated. The few available analytical solutions, achieved 
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mainly through perturbation or asymptotic methods, are severely limited in the 
allowable parameter ranges. The details of the numerical methods used will be the 
focus of the next chapter. 
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Chapter 3  Analysis and Numerical Solutions 
 
In this chapter, the main interest is concentrated on the important features of the 
numerical methods used in this study. 
The finite difference method was adopted for the solution of the governing 
equations (2.1.9) to (2.1.11). The method consists essentially of approximating the 
derivatives of the equations by a linear combination of known or unknown values of 
the variable at a finite number of mesh points in the mesh system that is adopted. It 
reduces the continuous equations to a finite system of algebraic equations, a process 
commonly referred to as “discretization”, from which the unknowns must be solved 
for. A good introduction to this method may be found in the work of Ames (1978). 
The practical applications of the method to problems in incompressible and 
compressible fluid dynamics are described in great details in the very important work 
of Roache (1972). 
 
3.1 The finite difference approach 
 For the concentric and eccentric case, the programs are built individually, since 
the coordinate systems adopted in each configuration are quite different. The system 
of mesh used in each case is the one natural to the particular coordinate system. 
Second-order accurate finite difference approximations were used for the 
discretization of the governing equations whenever possible. The finite difference 
form of equations (2.2.2) to (2.2.4) for the concentric geometry and equations (2.2.6) 
to (2.2.8) for the eccentric geometry were solved in a time-marching manner until 
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satisfactory convergence was attained. At each time, the stream function vorticity 
equations (2.2.3) and (2.2.7) must be solved to convergence. Instead of second-order 
central differencing, upwind differencing was used for the convective terms to obtain 
good stability. 
 
3.2 Solution procedure 
The solution process begins with the establishment of the necessary initial values 
for ψζ ,  and T  at time 0=t . Other necessary parameters or constants that are 
repeatly used in the program are also computed. The governing equations are solved 
in a cyclic manner, as illustrated by the schematic procedure flow chat Fig 3.2.1. 
The time is increased by t∆  at the beginning of any particular cycle and the 
distribution of ζ  at the new time ttt ∆+=  is found by solving the Vorticity 
Transport equation (2.2.2) with boundary conditions obtained from the last known 
distribution of ψ . The Stream-Function Vorticity equation (2.2.3) is solved in an 
iterative manner with ζ  known at all the interior points. The boundary value of ψ  
on the inner cylinder is always zero. On the outer cylinder, oψ  is found through an 
iterative procedure. From the latest distribution of ψ , the velocity terms required in 
the convective terms of the Energy equation (2.2.4) and the Vorticity Transport 
equation are calculated. The next step in the cycle is to solve the Energy equation for 
the temperature distribution T. Local and overall heat fluxes may be calculated from 
the temperature distribution. The last step is to check if the distributions ψ  and T 
have converged and the energy balance is satisfactory. The above cycle is repeated 
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with increment in time t  until the convergence criteria are met.  
 
3.3 Numerical Methods 
The governing equations, i.e. equations (2.2.2) to (2.2.4) for the concentric case 
and equations (2.2.6) to (2.2.8) for the eccentric case, are of two types, the 
time-dependent non-linear parabolic type and the linear elliptic type. 
 
3.3.1 Parabolic equations 
The time-dependent parabolic equations, (2.2.2) and (2.2.5) for concentric case and 
(2.2.6) and (2.2.8) for eccentric case, are solved using the Alternating Direction 
Implicit method (abbreviated as ADI) of Peaceman and Rachford (1955). The method 
was introduced in 1955 and since then has become a well-established numerical 
method for flow problems. The ADI method, also commonly known as variable 
direction method, involves the splitting of the time step to obtain a multidimensional 
implicit method which required only the inversion of tri-diagonal matrices in the case 
of a rectangular solution region. 
In the two-dimensional case, which is the primary concern of the present study, this 
involves splitting the time step t∆  into two halves. The advancement of the solution 
over t∆ is accomplished in two steps by solving in the θ -direction and then 
r-direction. When second-order accurate central difference operators are used, the 
method is second-order accurate in space and time. The ADI time-splitting of the 
Vorticity Transport equation (2.2.2) for concentric case and equation (2.2.6) are given 
Chapter 3 Analysis and Numerical Solutions 
 29
below: 
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rt      (3.3.2) 
 




























































ht     (3.3.3) 
 





























































   (3.3.4) 
 
In the θ - direction equations (4.3.1), ζ  subject to finite differencing with 
respect to θ  are treated as unknown at a hypothetical time 2
1
+n
t  and are to be solved 
for. Terms with superscript n are treated as known and taken on its last known 
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values at time nt . 2
1
+nζ  obtained by solving equation (4.3.1) and other terms with 
known values at nt  are substituted into (4.3.2). The unknown in equation (4.3.2) are 
the 1+nζ . These are solved for in the same manner as the 2
1
+nζ  in equation (4.3.1). 
The ADI forms of the equations of eccentric case are similar to equations of 
concentric case, and are not explained. 
The superscript u expresses a special form of differencing called upwind 
differencing.  
 
3.3.2 Elliptic equations 
 The elliptic equations (2.2.3) and (2.2.7) must be solved at each time-step. 
For the concentric case, Equation (2.2.3) is solved using the Strongly Implicit 
Procedure of Stone (abbreviated to SIP) introduced by H. L. Stone (1968). In the 
present study, the original form of SIP by Stone (1968) and a series of ten acceleration 
parameters generated by the method given in Stone (1968) was used. The number ten 
was arbitrarily selected.  
One of the important merits of the SIP is that the rate of convergence is not so 
sensitive to the choice of acceleration parameters. The suitable parameters can be 
more easily and reliably estimated from the coefficient matrix than say in the 
corresponding ADI method which requires accurate knowledge of the minimum 
eigenvalue of a certain coefficient matrix to obtain good convergence rate.  
For the eccentric configuration, the ADI method was favored because the simple 
form of equation (2.2.7) allows the eigenvalues to be computed theoretically. See 
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Birkhoff et al section 9 on the Helmholtz Equation in a rectangle. The Wachspress 
parameters, which are the sequence of acceleration parameters used, can hence be 
obtained with great accuracy.  
 
3.4 Upwind Differencing 
The ‘donor cell’ method of Genty, Martin and Daly (1966) or what is described 
as the ‘second upwind differencing’ method in Roacho (1972) is applied to the 
convective terms to give greater overall stability than could be achieved with 
space-centered differencing. An important feature of the method is that it is both 
conservative and transportative. In Roacho (1972), the method has been compared 
with second-order accurate method and the results were better than its formal 
first-order accuracy would have indicated. 
In this method of differencing, some kinds of interface velocities are defined at 
the interfaces of the cells that are formed around the mesh points. A one-dimensional 
analog is shown below. The interface velocities are taken to be the arithmetic mean of 
the velocities at the adjacent mesh points. 
The differencing procedure is applied to the convective terms of the governing 
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∂ ζζζ                 (3.4.1) 
where iR ζζ =   if 0>RU ; 1+= iR ζζ  if 0<RU  
         1−= iL ζζ  if 0>LU ; iL ζζ = . if 0<LU  
The convective terms in the transformed coordinate systems contain 
non-derivative terms such as ur
r






ξζξ  for 
the eccentric case. These terms must be evaluated with care. Their proper evaluations 
under the present up-winding scheme are as follows: 
[ ] rUUrU RRrLLrur 2/)()()/( ζζζ +=  
( )[ ] [ ] 2/)()(/sin)/sin( RRLLu UUccU ζζξξζ ξξξ +=           (3.4.2) 
where r is evaluated at the center mesh point.  
 
The other non-derivative upwind terms are similarly evaluated. This 
interpretation of the non-derivative upwind terms is derived from a control volume 
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3.5 Boundary conditions 
       This section describes the numerical implementation of the boundary 
conditions stated in Section 2.3. The boundary conditions are all of the Dirichlet type. 
 
3.5.1 Vorticity Transport Equation 
       First-order and second-order finite difference approximations of equations 
(2.3.3) and (2.3.4) were obtained using Taylor expansion out of the walls. The 

















)(2 ψψζ                        (3.5.1) 















                   (3.5.2) 
 
where subscript w and w+1 refer to the values of the variables at the wall and one 
mesh point away from the wall (in the fluid) respectively. wU  is the tangential 
velocity of the wall, which in the case of the outer cylinder wall is zero. The wU  is 
determined from the Reynolds number Rey1. 
 
3.5.2 Stream Function Vorticity Equaiton 
Chapter 3 Analysis and Numerical Solutions 
 34
For stream function vorticity equation, the value of the Stream-Function at the 
inner cylinder wall is arbitrarily set to zero: 
fo S=ψ              (3.5.3) 
0=iψ                 (3.5.4) 
Assume that a projected or guessed value of oψ  called S  is given. The 
following steps are used to find a maxP∆  (maximum pressure difference term) 
associated with S . This is done by first solving the equation ζψ −=∇ 2  with 
So =ψ  and 0=iψ . From the solution ψ , the pressure gradient terms 
θ∂
∂P  are 
computed at all the interior points using the Momentum Balance equation (1). By 
integrating 
θ∂
∂P  along all the closed circumferential loops of constant r (from 0=θ  
to πθ 2= ), the pressure difference terms of sP '∆  at all the loops are determined. A 
P∆ , among the sP '∆ , which has maximum absolute value is selected as maxP∆  i.e. 
maxP∆ = P∆  such that ≥∆ || P  the absolute value of any sP
'∆ . 
A series of such S called ⋅⋅⋅⋅,,, 321 SSS etc. are projected at each time step and 






max PPP are computed. The first value 
1S  in each time step is projected from Stream Function values 
1−n
oψ  and 2−noψ at the 
previous two time-steps. Depending on whether 1S  is considered too high or too low 







oSSS ψ  Subsequent values say lS  are obtained by 
linear interpolation between one pS  and one qS  ( 1, <qp ) whereby pS  has 
negative pPmax∆  and qS has positive 
qPmax∆ ; both being of minimum absolute values 
in their respective sign categories. In this manner a fS  with almost minimum 
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absolute || maxP∆  is obtained after a sufficient number of projections are made and a 
convergence criterion applying to consecutive value of the projection is satisfied. fS  
is then the value of oψ  at time step nt . 
It would be very time-consuming if the Poisson equation ζψ −=∇ 2  is solved 
for every projected value of oψ  at each time step. Fortunately, by the linearity of the 
equation, we need to solve ζψ −=∇ 2  only once at each time step. Using linear 
superposition, if 'ψ  is the solution to ζψ −=∇ 2  with 1So =ψ , the solution to 
ζψ −=∇ 2  with 2So =ψ  can be obtained by adding "12 )( ψSS −  to 'ψ  where "ψ  
is the solution to the Laplace equation 02 =∇ ψ  with 0.1=oψ . 
 
3.5.3 Energy Equation 




3.5.4 Progressive built-up of boundary conditions 
Solution can become unstable if the full value of a boundary condition is 
suddenly imposed. To give a more gradual and stable start, temperature and velocity 
boundary conditions are imposed over a number of time steps. The number of steps is 
roughly proportional to the value of the boundary condition. The final solution is 
independent of the number of steps used to introduce the boundary condition.  
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3.6 Temperature interpolation at the wall 
The accuracy of overall and local heat flux computation is highly dependent upon 
the physical mesh size at the wall. This is particularly so at high Rayleigh number 
when thermal boundary layers are thin and sufficiently fine mesh must be used if the 
temperature gradients are to be accurately evaluated. Desirable as it may be, however, 
the use of fine mesh not only increases the computation time per time step but also 
places severe limitation on the maximum allowable time step t∆  to achieve stability. 
The time penalty on mesh refinement is very high and places a limit on how far one 
should continue to refine the mesh. The problem was discussed to some length in 
Prusa and Yao (1981). 
In the present study, a method of temperature interpolation was developed and 
applied at the wall to obtain accurate heat fluxes. This method was inspired by the 
paper of Hockney (1965) on Recursive Cyclic Reduction Method in Poisson Solver 
using Fourier Analysis; wherein the solution on odd-number lines are obtained from 
known solution on even-number lines. 
The method used here essentially consists of solving for a temperature solution 
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This is done by applying a second-order accurate finite difference approximation of 
the steady-state energy equation to the mesh points along w+1/2. The convective 
velocity term in the radial direction is obtained by parabolic interpolation from known 
values at w, w+1, and w+2. The resultant set of linear equations in T at w+1/2 can be 
solved using the modified tridiagonal solver, or using the method of imaginary 
boundaries with multiple-overlap and iteration. The interpolation is only applied after 
a problem has converged by the convergence criteria. The temperature gradient at the 
wall is now computed from the distribution of T at w, w+1/2 and w+1. The overall 
heat flux through a wall is obtained by computing the local heat fluxes from the 
temperature gradients and integrating the local fluxes using Simpson’s Rule. 
 
3.7 Convergence criteria 
3.7.1 Convergence of the inner iterations 
Concentric case: 
For the concentric case where the SIP is used, a ‘Residue’ term ijsRe  is defined 
at each interior point as follows:  




ijs ψζ 2Re ∇+=             (3.7.1) 
where ijD∇  stands for the second-order finite difference operator of the Laplacian, n 
is the global iteration number or time step and k is the inner iteration number. kijsRe  
is a direct measure of the lack of convergence of kψ . The Stream Function 
distribution kψ  is considered to have converged sufficiently when 





ij /]||[0005.0Re ∑< ζ             (3.7.2) 
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for all interior points (i,j). N is the total number of interior points. In words, this 
means that the residue at each interior point must be less than 0.0005 times the 
average absolute vorticity value. 
Eccentricity Case: 
Because the Stream Function frequently attains values close to zero, the criterion 
that  
δψψψ ≤−+ ||/|| 1 kijkijkij           (3.7.3) 
(where δ  is a small real number) holds at all interior points (i,j) is not practical. An 
alternative criterion is used which involves first finding kpq∆ , the maximum absolute 









pq ψψ −=∆ +           (3.7.4) 






pq Nψ         (3.7.5) 
i.e. the maximum deviation between successive iterates is less than 0.0001 times the 
average absolute stream function value. This criterion is satisfactory as long as ψ  is 
a reasonably well-behaved function which does not have highly localized peak values. 
 
3.7.2 Overall convergence 
A run is deemed to have converged sufficiently when the following three criteria 
are met: 





pq Nψ  
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ij TTT   
     at all interior points (i,j). 
c. 985.0/ ≥io QQ  
       where Q stands for heat flux through the cylinders. 
       The convergence of the vorticity distribution is not included as a 
convergence criterion because it is directly related to the Stream Function through its 
definition. The convergence of the Stream Function ψ  implies the convergence of 
the vorticity distribution through the criterion may be different. 
The degree of heat balance is included as a convergence criterion because it is a 
fairly good barometer of the accuracy of the solution and the sufficiency of the mesh 
size. It was found that the temperature solution usually converged more slowly than 
the stream function. The exceptions were runs at high Reyleigh numbers where the 
lack of convergence of the Stream Function indicated the presence or onset of flow 
instability. 
It is not always possible to satisfy the heat balance criterion though qualitatively 
it is clear the solution has already converged to a far greater extent than required by 
both criteria (a) and (b). This happens predominantly in cases where the inner cylinder 
is moved eccentrically downwards. In these cases, the mesh at the top of the annulus 
is very coarse, while at the same time the temperature gradient at the top of the outer 
cylinder is very high because of the impinging thermal plume. For such cases, even 
interpolation is not sufficient to resolve the extremely high gradient encountered. 
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3.8 Mesh size and time step 
 The mesh divisions and time steps used for the various geometrical 
configurations are listed below, and the time steps shown are those normally 
employed and are not necessarily the maximum allowable: 
Table 3.1 Mesh size and time 
Mesh Divisions 
io rr  re  
Circumferential Radial 
( )310×∆t  
0.0 60 30 0.2 
0.333 60 20 0.6 5.0 
0.667 60 20 0.3 
0.0 60 20 0.6 
0.333 60 20 0.6 2.6 
0.667 60 20 0.3 
0.0 60 10 1.5 
0.333 60 10 1.0 1.25 
0.667 60 10 1.0 
 
3.9 Computation of the overall heat transfer coefficients 
In computing the overall equivalent thermal conductivities eqK  and
e
eqK , the heat 
flux through the inner cylinder is used. This is because, in general, the temperature 
gradient around the inner cylinder is gentler and more uniform than that on the outer 
cylinder wall and can hence be evaluated with greater accuracy. 
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Chapter 4   Results and Discussion for Concentric 
Cylinders  
 
The chapter solves the numerical model for the case of the concentric cylinders. 
The numerical model, described in previous chapter, yields details of the flow and the 
temperature fields through the streamline and isotherm plots and then computes the 
local heat transfer values to predict the overall heat transfer coefficients. These plots 
help to show the physics of the flow and the heat transfer behavior.  
In this chapter a few computations of the parameters and transition occurrence of 
flow patterns are computed and the characteristics of heat transfer are shown in the 
steady-state flow regimes for various Ra, Re numbers and radius ratio )( oi RR in range 
of 53 102.110 ×≤≤ Ra , 1200Re ≤  and radius ratio 2.60 and 5.0 at Pr=0.701, the 
corresponding isotherm and streamline contours are presented. Flow patterns of 
mixed convection can be categorized into three types according to the number of 
eddies: two, one and zero-eddy flows. 
The effects of Reynolds number, Rayleigh number and radius ratio on the flow 
and heat transfer are discussed in Sections 4.2, 4.3 and 4.4 respectively. The 
discussions of the heat transfer results are preceded by an analysis of the physics of 
flow as revealed by the streamline and the isotherm plots. The overall heat transfer 
coefficient eqK  is compared with other investigators in Section 4.5.  
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4.1 Flow mechanics and general patterns 
In general, the effect of heating the inner cylinder is to cause the fluid adjacent to 
the inner cylinder to rise along the surface of the inner cylinder because of the 
buoyancy effect. The rising warm fluid separates at the top of the inner cylinder at a 
stagnation point to form a thermal plume. The thermal plume rises to touch the top of 
the outer cylinder at a stagnation point on the outer cylinder. Where the rising warm 
fluid touches the cold outer cylinder, it is being cooled and begins to sink in two 
streams along the surface of the outer cylinder on both sides of the vertical because of 
increased density. Because of the momentum of the rising column of fluid in the 
plume, the cooled fluid cannot fall straight down; instead it falls sideways along the 
outer cylinder wall. As the warm fluid passes over the cold surface of the outer 
cylinder on its way down, it is progressively cooled, until it joins the body of 
comparatively slow moving or stagnant fluid found at the bottom of the annulus. As 
the hot fluid on the inner cylinder rises, it is being replaced by the cool fluid from the 
quiescent bottom of the annulus because the rising fluid near the lower portion of the 
inner cylinder creates a pressure deficiency which draws in cooler fluid from the 
lower portion of the annulus to replace it. The fluid in the annulus goes through a 
cycle of heating and subsequent cooling. The result of the heating of the fluid by the 
inner cylinder and its subsequent cooling by the outer cylinder is to set in motion two 
symmetrically placed kidney-shaped counter-rotating flow cells. Each cylinder has 
two stagnation points, one at its lowest and one at its highest points, which indicate 
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where flow separation occurs. The buoyancy force induced by temperature difference 
is the driving force of the flow mechanism. The heat transfer from the inner cylinder 
to the outer cylinder is therefore by a convective process involving the two flow cells 
that are driven by the buoyancy of temperature difference.  
As may be deduced, the maximum local heat flux on the inner cylinder occurs 
around the bottom of the cylinder where the cool fluid replaces the rising warm fluid. 
On the outer cylinder, the maximum heat flux occurs at the top because at this point 
the rising thermal plume meets the cold outer cylinder. The buoyancy force is 
proportional to the temperature difference between the two cylinders; the ‘strength’ or 
circulation of the convection cells is greater, the rate at which heat is being transferred 
or convected by the faster moving fluid is therefore increased. The flow and 
temperature fields around the inner cylinder greatly resemble that of a heated cylinder 
convecting to still ambient air. 
While the outer cylinder is rotated, the viscous drag is imposed on the fluid near 
the wall, which causes the fluid to move along with the rotating outer cylinder. The 
rotation of the outer cylinder will affect the flow in the annulus and thus heat transfer. 
In the following sections, the flow patterns and heat transfer in concentric annulus 
will be discussed.  In the next chapter, the discussion will be focused on the eccentric 
cases. 
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4.2 The effects of Reynolds number 
4.2.1 Streamline and Isothermal plots 
Fig 4.1 shows the streamline and isotherm plots while the outer cylinder is rotated 
with increasing speed at a fixed Rayleigh number of 4102× . 
For the stationary annulus, shown as Fig 4.1a Re=0, the fluid in the cylinder is 
undergoing natural convection and the streamline is well-known two-kidney pattern. 
As Reynolds number is increased, the contour will start to shift in the direction of the 
rotation of the outer cylinder (counter clockwise in this study), shown as Fig 4.1 b. 
This is because as the outer cylinder rotates in the counter clockwise direction, any 
cell on the right of the inner cylinder is being dragged upwards, and any cell on the 
left of the inner cylinder is dragged down by the viscous action of the outer cylinder 
rotation. Thus, the isotherms tilt in the same direction as the rotating cylinder. For 
relatively small Re in the two-eddy flow, the slow rotation of the outer cylinder 
seemingly has little effect on overall heat transfer at the walls of the cylinders, 
although the allocation of the local heat transfer coefficient is significantly altered 
from that of pure natural convection (Re = 0). This shift continues as Reynolds 
number increases until the two-eddy flow is transformed into one-eddy flow and then 
to zero-eddy flow with increasing Reynolds number. These phenomena increases until 
the streamline contours take become concentric circles around the annulus. As Re 
approaches critical value from one- to two-eddy flow, the overall heat transfer is 
significantly reduced. This pattern is followed at higher Rayleigh numbers but when 
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the Rayleigh number gets sufficiently high, the shift in streamline contours are in the 
opposite direction of the rotation of the outer cylinder. 
 
4.2.2 Local equivalent thermal conductivity eqlK  
The effects of rotation on the local heat transfer coefficient eqlK  at the Rayleigh 
number of 410  are illustrated in Fig. 4.2. 
As the Reynolds number is increased, on the outer cylinder and the inner cylinder, 
the point of maximum and minimum local heat flux, which occurs at the top of it 
( πθ = ) when the outer cylinder is stationary, is moved in the direction of rotation; 
and the peak value becomes smaller. The main reason for the shift of the maximum 
point is the result of the movement of the thermal plume. With the Reynolds numbers 
increasing, further shifting of the thermal plume happens and the reduced temperature 
gradient at the point of impingement is reflected in the reduced value of peak. 
Because of these changes, the distributions of local heat transfer on the cylinders 
become more uniform with Reynolds number increasing. And the areas under the 
curves on both cylinders become progressively smaller indicating that the overall heat 
transferred between the cylinders falls monotonically with increasing rotational speed. 
Therefore, the present numerical model predicts that the rotation of the inner cylinder 
causes the overall heat transfer coefficient to be reduced and makes the local heat flux 
distribution on both cylinders more uniform. 
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4.3 The effect of Rayleigh number 
4.3.1 Low Rayleigh number 
At low Rayleigh numbers, the rate of convection of heat energy from the inner 
cylinder to the outer cylinder is low because the buoyancy force proportional to the 
temperature difference is very small and the induced flow velocity is low. When 
Rayleigh number is below 310 , the isotherm plots are almost concentric circles like 
those of pure conduction since the convective flow velocity is small. However, the 
counter-rotating pair of kidney-shaped vortices is already clear. When the Rayleigh 
number is increased to 310  with radius ratio 2.6, the variation of flow patterns with 
respect to Reynolds number increasing from 0 to 50 is shown in Fig. 4.3. The 
streamline and isotherms plots are shown individually. At low Rayleigh number, of 
just a few hundred say, the buoyancy force that is directly proportional to the 
temperature difference is small and the induced flow velocity is low. This means that 
the rate of convection of heat energy from the inner cylinder to the outer cylinder is 
low. As shown in each isothermal plot of Fig 4.3, the convective flow velocity is so 
small that its influence on the temperature field in the annulus is minimal, and the 
isotherms are all nearly concentric circles resembling those of pure conduction and 
suggesting that the dominant mode of heat transfer is conduction. These low Rayleigh 
number flows are what Grigull and Hauf termed ‘pseudo-conductive’. 
The local equivalent thermal conductivity coefficient is the parameter for 
measuring the local heat flux on the surface of the cylinders. When the flow is at low 
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Rayleigh numbers, conduction dominates the heat transfer that the local equivalent 
thermal conductivity coefficients on two cylinders are close to 1.0, as shown in Fig. 
4.3.1. 
 
4.3.2 Increasing Rayleigh number 
1) Flow and temperature distribution 
Further increase in the Rayleigh number, same as the flow patterns at Rayleigh 
number 310  with different Reynolds number, the flows at 410=Ra  and 510=Ra  
can also be categorized into two-eddy, one-eddy and no-eddy flows with increasing 
Reynolds number. The circulation of fluid around the inner cylinder becomes complex. 
The flow patterns at 410=Ra  and 510=Ra  with radius ratio 2.6 are presented in 
Fig. 4.4 and Fig. 4.5 separately. 
The combination of viscous drag and buoyancy force decides the pattern of the 
flow in rotating annulus. In stationary annulus, with the Rayleigh number increasing, 
the buoyancy force is increased so that the circulation in the vortices becomes more 
rapid, as shown in the isothermal plots of Fig. 4.3.a, Fig. 4.4.a and Fig. 4.5.a. With the 
outer cylinder rotating, the fluid adjacent to the surface of the outer cylinder moves 
with the outer cylinder for the virtue of viscous drag yielded by the rotating outer 
cylinder. Stronger buoyancy force introduced by higher Rayleigh number, makes fluid 
near the inner cylinder rising upward more rapidly. Changing the movement of flow 
need more powerful tangential viscous drag provided by rotating outer cylinder.  
From Fig. 4.3, Fig. 4.4 and Fig. 4.5, it is seen that the critical Reynolds number at 
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which transitions of flow patterns occur is increased on the different Rayleigh number. 
The critical Reynolds numbers, from two- to one-eddy and from one- to no-eddy are 
presented in Fig. 4.8, where the flow patterns of other Rayleigh numbers are 
investigated additionally and it is seen that as Ra is increased, the difference between 
the transitional Reynolds number from two- and one-eddy and that from one- to 
no-eddy approaches the constant value. 
In the figures of streamline, the contour marked with “Zero” is the streamline of 
0=ψ , which separates the two eddies. In Fig.4.3, Fig.4.4, it is found that this 
zero-value streamline always encompasses the large eddy, and the separation point on 
the upper portion of inner cylinder moves in the direction of cylinder’s rotation with 
rotation speed increasing. Moreover, when 510=Ra , as shown in Fig.4.5, there are 
some differences to the flows shown before. 
In the remaining plots of the Rayleigh number of 510 , the zero-value streamline 
does not always encompass the large eddy, and the separation point will move in 
direction opposite to the rotating direction of the outer cylinder sometime when the 
rotation speed increasing. In Fig.4.5, from the pattern of 0Re =  [Fig 4.5(a)], as Re is 
increased, two eddies move in the direction of cylinder’s rotation. In the 
mixed-convective system, the forced flow can aid or oppose the buoyancy-induced 
flow. It can be found that the left-hand cell has grown further in size by virtue of 
forced flow at the expensive of right-hand cell, which has become smaller and weaker 
because of the suppression of forced flow. During this course, the zero-value 
streamline on the top of annulus becomes to be deflected right due to the increased 
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drag of large eddy extending to the right side of annulus [Fig.4.5 (b) to Fig.4.5 (d)]. 
And finally, the zero-value streamline of 0=ψ  encompasses the small eddy at 
250Re = [Fig.4.5 (e)]. Before Re reaches 680 [Fig.4.5 (f)], this zero-value streamline 
keeps in right side of annulus while the flow pattern is still in two-eddy pattern. As Re 
is increased further, the small eddy disappears [Fig.4.5 (g)], which means the flow is 
now in one-eddy pattern, and this zero-value streamline of 0=ψ  encompasses the 
remaining eddy. Finally, when Reynolds number reaches 1200, the streamlines of 
flow constitute nearly concentric circles [Fig.4.5(i)], and these rings of streamlines 
around the inner cylinder indicated that there is a zone of Couette-like flow around the 
inner cylinder. 
It is also seen that at the Rayleigh number of 510 when Reynolds number is 0 
[Fig.4.5 (a)], the stagnation zone at bottom of the annulus is partitioned by two 
additional zero-valued streamlines. This indicates the formation of a pair of very weak 
counter-rotating cells. These cells are formed as more fluid is being drawn from the 
sides of the annulus at high Rayleigh numbers. While the immediate effect of rotating 
the outer cylinder is to cause these cells to be broken by virtue of viscous drag 
[Fig.4.5 (b)] with small increment in Reynolds number. 
Another interesting phenomenon observed is that, for small Rayleigh number 
( 410≤ ), the thermal plumes are always tilted in the same direction of cylinder’s 
rotation [Fig.4.3], and for high Rayleigh number ( 410 , 510 ), the thermal plumes near 
the upper portion of inner cylinder are tilted in the opposite direction of cylinder’s 
rotation [Fig.4.5(d) and Fig.4.5(e)]. In general, the forced flow tends to stratify the 
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temperature field in the radial direction and the isotherms of one-eddy flow constitute 
nearly concentric circles, as shown in figures above, which means that the 
temperature field they represent is approaching that of pure conduction. 
 
2) The local equivalent thermal conductivity eqlK  
The effects of rotation on the local heat transfer coefficient eqlK  at the Rayleigh 
number of 410  and 510  are illustrated in Fig 4.6 and Fig 4.7. 
As the Reynolds number is increased, on the outer cylinder and the inner cylinder, 
the point of maximum and minimum local heat flux, which occurs at the top of it 
( πθ = ) when the outer cylinder is stationary, is moved in the direction of rotation. 
However, for 510=Ra , the peak points at the inner cylinder do not present the same 
[Fig 4.7]: it can be seen from Fig 4.5(d) and Fig 4.5(e) that the minimum eqlK  of the 
curves of Re=150, 250 move in the opposite direction of cylinder’s rotation, which is 
correspond to the tilt of the thermal plume opposite to the rotation direction. The 
movement of the maximum eqlK  of the curves of Re=10, 30 is correspond to the 
suppression of stagnation zone at bottom of the annulus which are shown in Fig 4.5(b) 
and Fig 4.5(c). 
Apparently, the distributions of local heat transfer on the cylinders become more 
uniform with Reynolds number increasing for both of above Rayleigh numbers. And 
the areas under the curves on both cylinders become progressively smaller indicating 
that the overall heat transferred between the cylinders falls monotonically with 
increasing rotational speed. 
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The effects of rotation on the overall heat transfer coefficient at various Rayleigh 
numbers are shown in Fig 4.9 for 310=Ra , 410  and 510  with radius ration 2.6. It is 
seen that overall heat transfer coefficient decreases as the rotational speed of the outer 
cylinder is increased. The reduction may generally be divided into three phases. A 
phase of gradual reduction followed by a phase of rapid reduction and lastly a phase 
where the overall heat transfer coefficient asymptotes towards the conduction limit of 
1.0. The phase change is more evident at 410=Ra , and the transitions between the 
phases are close related to the change of flow patterns. Interpreted in terms of 
streamlines and isotherms, the first phase corresponds roughly to the flow regime of 
two eddies. As Re approaches the transitional Reynolds number between two-eddy 
and one-eddy patterns, however, the overall heat transfer is rapidly decreased. In Fig 
4.3, Fig 4.4 and Fig 4.5, it is shown that the isotherms of one-eddy flow constitute 
almost concentric circles, which implies that the circumferential momentum of the 
flow is so strong that much of the upward directed convectional current induced by 
heating is being carried in circles around the inner cylinder and has no chance to reach 
the outer cylinder. 
 
4.4 Cases with higher radius ratio 
The radius ratio is one of the important parameters for measuring the heat transfer 
and the flow between the horizontal annulus. The part focuses on the flow and the 
heat transfer in concentric annulus for radius ratio 5.0. As is known for stationary 
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annulus, the higher radius ratios make the effects of the outer cylinder small so that 
there is more space for fluid to develop the movement cause by buoyancy force. The 
flow and the heat transfer around the inner cylinder would be almost close to those of 
a free convection cylinder. In the annulus with outer cylinder rotating, the flow of the 
area more distant away from the inner cylinder is less affected by the buoyancy force, 
but will be affected more easily by the viscous drag imposed by the rotating outer 
wall.  
 
4.4.1 Flow and temperature distribution 
The flow patterns, including streamline and isotherm plots at 4105×=Ra  with 
radius ratio 5.0, are presented in Fig. 4.10. When radius ratio is 5.0, the flow patterns 
can also be categorized into two-eddy, one-eddy and no-eddy flows with increasing 
Reynolds number, but with smaller transit Reynolds number.  
It is seen that when Reynolds number is 0 [Fig.4.10 (a)], the stagnation zone at 
bottom of the annulus is partitioned by two additional zero-valued streamlines, which 
are very close to the outer cylinder. The formation of these cells is same as that of the 
cells formed as more fluid is being drawn from the sides of the annulus at high 
Rayleigh numbers 510=Ra  within the cases of radius ration 2.6, however, for high 
radius ratio the stagnation zone could form with lower Rayleigh number. The 
immediate effect of rotating the outer cylinder is to cause these cells to be broken by 
virtue of viscous drag [Fig.4.10 (b)] with small increment in Reynolds number. 
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4.4.2 The local equivalent thermal conductivity eqlK  
From Fig. 4.11, in general, there is a great variation of eqlK  on both cylinders at 
radius ratio 5.0. The eqlK  values are higher at a higher radius ratio simultaneously. 
The local heat flux distribution around the inner cylinder bears semblance to that of a 
heated cylinder in natural convection ( ∞=io rr / ).  
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Chapter 5  Results and Discussion for Eccentric 
Cylinders  
 
The effects of the rotation of the outer cylinder on the flow and heat transfer for the 
eccentric configuration are discussed in this chapter. Here, the numerical model, where a 
Prandtl number Pr of 0.701 for air and a radius ratio of 2.6 is assumed, generates the 
details of the flow and temperature fields in the forms of streamline and isotherm plots, 
which in turn predicts the values of the local and overall heat transfer.  It is also through 
these streamline and isotherm plots that the physics behind the flow and heat transfer 
characteristics are studied. Upon generating the numerical results via the numerical 
methods as discussed earlier, the computations performed are for combinations of  
43 10,10=Ra  with various Re with re (1/3, 1/2 and 2/3), angular positions of the inner 
cylinder Φ ( 2/3,2/,0 πππ and ) and various Re. 
At high Reynolds numbers, many studies imply that the true flow in annulus of 
the eccentric configuration is like to be strongly three-dimensional. From many studies, 
the actual three-dimensional real flow may be considered for the axial flow distribution 
on the two-dimensional solution. Therefore, the numerical solutions can still describe 
many phenomena despite their limitations. The two-dimensional results may be useful to 
researchers in understanding the three-dimensional situation in the future. 
For eccentric annulus with outer rotating cylinder, the displacement of the inner 
cylinder introduces a throat region of the annulus, which presents an obstruction to an 
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otherwise free flow. The location and the size of the throat area, i.e. the orientation of the 
inner cylinder and the eccentricity, are the most critical factors in the analysis of eccentric 
configuration. 
5.1 Effects of Orientation of Inner Cylinder 
In stationary eccentric annulus, the orientation of inner cylinder has great effects 
on the development of the regional flow cell. When the inner cylinder is moved 
horizontally in static cases, the flow cell in the direction of movement could not have 
enough space to develop freely and thus resulting in the discrepancy in cells’ sizes, 
shown as in Fi
The flu
when the inne
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up, the flow cell of the left side is elongated and then broken into two eddies, shown in 
Fig. 5.1.3 (c). It is due to the effect of upwards buoyancy force and downwards viscous 
drag together, and for the reason that in the area of throat, the circumferential momentum 
has more effect on the flow to suppress the effect caused by heat-introduced buoyancy 
force. For the cell on the right side, since the buoyancy circle is weakened, the size of the 
cell is reduced more under the same condition compared to the case where the inner 
cylinder is right shifted. 
When the inner cylinder is displaced vertically, symmetry is obtained with respect 
to the vertical axis in stationary cases, as in 5.1.2 (a) and Fig 5.1.4 (a). The immediate 
effect is to increase the convection region around the inner cylinder. Fig 5.1.2 (b) to (e) 
and 5.1.4 (b) to (e) present the streamline and isotherm plots while the inner cylinder is 
displaced vertically with increasing rotation of outer cylinder. Shown in streamline plots, 
it seems that the throat in the angular region presents an obstruction to an otherwise free 
flow, which would be more obvious in the cases with higher Rayleigh number of 410  and 
higher eccentricity of 2/3 as shown in Fig. 5.6.2 and Fig. 5.6.4.  
For all displacements of the inner cylinder, since the Couette flow is caused by 
the viscous drag caused by outer rotating cylinder and the inner cylinder will be 
surrounded by circumscribed circle, in the opposite direction of the eccentricity a 
stagnant area is formed. With the increment of the Reynolds number, the convective flow 
will be confined in this stagnant area. As the Reynolds number is increased, the points of 
maximum and minimum local heat flux on both cylinders tend to move in the direction of 
rotation and the thermal plume looks like be dragged towards the same direction, which 
can be found in the isotherm plots of Fig. 5.1.1 to Fig. 5.1.4. Compared to the cases 
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where the inner cylinder is shifted leftwards and upwards, the distributions of local heat 
transfer on the outer cylinder tend to be more uniform when the inner cylinder shifted 
rightwards and downwards.  
 
5.2 Effects of Eccentricity 
Eccentricity plays a significant role in the flow and heat transfer behavior in the 
horizontal annulus of the two cylinders. The eccentric case is much more complicated 
than its concentric counterpart, because the flow field is in fact strongly influenced by the 
geometry of the annulus as well as its orientation.  
The streamline and isotherm plots of increasing Reynolds number with 310=Ra , 
Radius Ratio = 2.6, and π=Φ  for different eccentricities of 3/1=re , 2/1=re  
and 3/2=re , are shown in Fig 5.1.1 to Fig 5.1.4, Fig 5.2.1 to Fig 5.2.4 and Fig 5.3.1 to 
Fig 5.3.4. 
In the stationary annulus, the fluid in the asymmetric annulus goes through a same 
heating and subsequent cooling cycle which leads to two symmetric kidney-cells in 
concentric annulus, but in eccentric configuration, it will result in a two-cell-three-eddy 
pattern especially with high eccentricity. Shown as figures like Fig 5.2.1 a) and Fig 5.2.3 
a) where the inner cylinder is shifted horizontally, on the side of inner cylinder being 
displaced, the heated ascending cycling flow is forced to go back into the cooled 
descending cycling flow and forms two small core-eddies enveloped by outer flow cell. It 
is more obvious with narrower gap (i.e. higher eccentricity), but cannot be found while 
eccentricity is lower than 1/3, such as Fig 5.1.1 a) and Fig 5.1.3 a). 
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The displacement of inner cylinder introduces a stagnant area in the opposite 
direction of the eccentricity. The orientation of inner cylinder just decides the location of 
the stagnant area, the eccentricity play the role of deciding the size of the stagnant area. 
Shown in the figures of same Rayleigh and Reynolds numbers but different eccentricities, 
e) of Fig 5.1.1-4, Fig 5.2.1-4 and Fig5.3.1-4, the Couette-like concentric circles caused by 
viscous drag would be inner-tangent with inner cylinder. So, the more the inner cylinder 
shifts to the side, the larger the size of the stagnant would be.  
The distributions of the local heat flux for both inner and outer cylinders are quite 
similar in shape. In figures of distribution of the local heat transfer of both cylinders, it 
can be seen that when the inner cylinder is displaced, there is a second peak occurs near 
the location of the throat area and with the approaching of the inner cylinder to the outer 
wall, the second peak becomes more significant.  
5.3 Increasing Rayleigh number to 410   
When Rayleigh number is increased to 410 , the convection will be enhanced and 
the effects caused by orientation and eccentricity of inner cylinder will be illustrated 
more obviously. 
Compared to the cases of 310=Ra , in the cases of  410=Ra , the buoyancy force 
caused by heated inner cylinder becomes stronger and convective activities are extended 
over a larger area of the annulus. Stronger buoyancy force makes fluid around the inner 
cylinder rising more rapidly, results in more powerful tangential viscous drag needed to 
change the movement of flow.  In the case of inner cylinder left displaced with 3/1=re , 
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shown in streamline plots of Fig. 5.4.3, the cell on the left will not be split into two eddies, 
but will keep the shape while being stretched longer. 
 When Rayleigh number is 410 , the well-defined thermal plume can be seen. 
When the inner cylinder is left shifted horizontally, the obstruction to the tilting of 
thermal plumes caused by the throat area is obvious, as shown in Fig. 5.4.3, Fig. 5.5.3 
and Fig. 5.6.3. Additionally, as illustrated in the isotherm plots in Fig. 5.5.3 and Fig. 5.6.3, 
another interesting phenomenon observed clearly is that, with the increase of Reynolds 
number, a downwards distortion of isotherms can be found under the inner cylinder and 
tilts in the rotating direction of the outer cylinder, shown in Fig 5 .6.3 f) and Fig. 5.6.3 f).  
Unlike the cause of the thermal plume on the top of the inner cylinder, the 
distortion of isotherms is effect introduced by the buoyancy force and the viscous drag 
together. The fluid under the inner cylinder is heated and begins to rise left-upwards 
along the wall of inner cylinder. But when the heated flow rises near the throat area, it 
meets the downwards Couette-like flow whose affect suppresses the affect of buoyancy 
force and the heated flow is forced to change movement into the direction of the Couette 
flow. The flow moves along inside the Couette-flow to the right side of annulus and 
being cooled down until it meets the cooling down flow of another flow cell and is 
dragged back to the bottom of the inner cylinder and then is heated and moves upwards 
along the wall of inner cylinder again. In the figures of distribution of local heat transfer 
coefficient, Fig. 5.4.7 and Fig. 5.5.7, a falling of eqlK  value could be found at same 
position where the distortion of isotherms occurs. 
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Chapter 6  Conclusions and Recommendations 
 
In the present study, the flow and the heat transfer in horizontal concentric and 
eccentric annuli with outer cylinder rotating were investigated. The two-dimensional 
model is used to yield the numerical results. Overall and local heat transfer results were 
obtained from the numerically predicted temperature distributions. The main results and 
conclusions are as follows: 
 
6.1  Concentric Cases: 
Flow patterns of mixed convection can be categorized into three kinds according to 
the number of eddies: two, one and zero-eddy flows. Characteristics of flow patterns and 
heat transfers are explicated. The rotation of the outer cylinder is related to the overall 
rate of heat transfer, and largely influences the change in the Couette flow patterns, 
because viscous drag of the inner wall of outer cylinder can aid and oppose the 
buoyancy-induced flow in annulus. 
The rotation of the outer cylinder is more stable as compared to the rotation of the 
inner cylinder or rotation of both cylinders. Rotating outer cylinder makes the heat 
transfer distribution more uniform. As the rotational speed of the outer cylinder is 
increased, on the outer cylinder and the inner cylinder, the point of maximum and 
minimum local heat flux is moved in the direction of rotation, while for high Rayleigh 
number, the peak points at the inner cylinder moves in the opposite direction of 
cylinder’s rotation. Overall heat transfer coefficient decreases with the Reynolds number  
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being increased, which occurs rapidly at the transitional Reynolds number between two- 
and one-eddy flow patterns.  
 
6.2  Eccentric Cases: 
The flow and the heat transfer in eccentric configuration are strongly influenced by 
the orientation and eccentricity of inner cylinder, heat-caused buoyancy force and viscous 
drag introduced by outer rotating cylinder. The throat area in the annulus renders the 
effects of rotation on the flow and temperature distribution more complex, and the 
behaviour at different eccentric positions could not be easily generalized as in concentric 
configuration.  
One common ground of all eccentric cases is the presence of throat area. The throat 
area presents an obstruction to an otherwise free flow, where not only the fluid flow is 
changed, but the temperature distribution and local heat transfer coefficient are also 
affected. It is the place where the heat-caused buoyancy force and viscous drag 
introduced by rotating wall show their strength together. 
Another common ground is the existing of the stagnant area in the opposite direction 
of eccentricity. In the stagnant area, the heat transfer is dominated by convection, but 
outside, it is conduction.  
Furthermore, the numerically predicted curves of overall heat transfer coefficient 
eqK  versus Reynolds number at different Rayleigh number of 
310 and 410 are given in 
Fig. 5.7 and Fig. 5.8. It is seen that the overall heat transfer is increased with the increase 
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of the eccentricity. Moving inner cylinder downwards, the overall heat transfer is 
enhanced and moving upwards, it is weakened. 
 
6.3  Recommendations 
For future studies, the turbulence and instability situation is the aim which the next 
researchers need to search for. Because the radius of the inner and outer cylinders is 
increased, or the eccentricity is higher, or the temperature difference between the two 
cylinders is higher, or the Reynolds number for the inner or outer cylinder rotation is 
larger, the instability appears and further the turbulence is constructed. In the situation, 
the numerical model is not good to calculate the flow and heat transfer between the two 
horizontal cylinders. Therefore, new turbulence model needs to be developed and 
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Fig. 1.1 (a) Coordinate system of annular region. (b) Non-uniform computational 






























































a) Re=0    
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c) Re=150  
d) Re=200  
Fig. 4.1 Streamline and Isotherm plots with Ra= 4102× and Radius Ratio = 2.6 for :  








































Fig. 4.2 The effects of rotation on the local heat transfer coefficient, Radius Ratio=2.6, 






    




    
b) Re = 2 
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c) Re = 5 
Fig. 4.3 Streamline and Isotherm plots with Ra= 310 and Radius Ratio = 2.6 for :     










    
d) Re = 10 
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e) Re = 30 
    
f) Re = 50 
Fig. 4.3(Continued) Streamline and Isotherm plots with Ra= 310 and Radius Ratio = 



















    
c) Re=100 
Fig 4.4 Streamline and Isotherm plots with Ra= 410 and Radius Ratio = 2.6 for :  a) 










    
d) Re=130 
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e) Re=200 
 
    
f) Re=300 
Fig 4.4(Continued) Streamline and Isotherm plots with Ra= 410 and Radius Ratio = 


















   
c) Re=30 
Fig 4.5 Streamline and Isotherm plots with Ra= 510 and Radius Ratio = 2.6 for :     














    
e) Re=250 
Zero
    
f) Re=600 
Fig 4.5(Continued) Streamline and Isotherm plots with Ra= 510 and Radius Ratio = 2.6 














    
h) Re=800 
    
i) Re=1200 
Fig 4.5(Continued) Streamline and Isotherm plots with Ra= 510 and Radius Ratio = 2.6 


















































Fig 4.6 The effects of rotation on the local heat transfer coefficient, Radius Ratio=2.6, 

















































Fig 4.7 The effects of rotation on the local heat transfer coefficient, Radius Ratio=2.6, 




















Difference of Re between transition
 











0 200 400 600 800 1000 1200 1400


























Fig 4.9 The effects of rotation on the overall heat transfer coefficient at various 











Fig 4.10 Streamline and Isotherm plots with Ra= 4105× and Radius Ratio = 5.0 for :  









Fig 4.10 (Continued) Streamline and Isotherm plots with Ra= 4105× and Radius Ratio 

















































Fig 4.11 The effects of rotation on the local heat transfer coefficient, Radius Ratio=5.0, 




a)  Re=0 
  
b)  Re=5 
  
c) Re=20 
Fig. 5.1.1 Streamline and Isotherm plots with 3/1=re , Ra= 310 , Radius Ratio = 2.6, 









d)  Re=50 
   
e) Re=100 
Fig. 5.1.1(Continued) Streamline and Isotherm plots with 3/1=re , Ra= 310 , Radius 





















a)  Re=0 
 
b)  Re=5 
  
c) Re=20 
Fig. 5.1.2 Streamline and Isotherm plots with 3/1=re , Ra= 310 , Radius Ratio = 2.6, 













Fig. 5.1.2(Continued) Streamline and Isotherm plots with 3/1=re , Ra= 310 , Radius 



























Fig. 5.1.3 Streamline and Isotherm plots with 3/1=re , Ra= 310 , Radius Ratio = 2.6, 











Fig. 5.1.3(Continued) Streamline and Isotherm plots with 3/1=re , Ra= 310 , Radius 




















a)  Re=0 
  
b)  Re=5 
  
c) Re=20 
Fig. 5.1.4 Streamline and Isotherm plots with 3/1=re , Ra= 310 , Radius Ratio = 2.6, 











d)  Re=50 
  
e)  Re=100 
Fig. 5.1.4(Continued) Streamline and Isotherm plots with 3/1=re , Ra= 310 , Radius 































































Fig. 5.1.5 The effects of rotation on the local heat transfer coefficient, 












































Fig. 5.1.6 The effects of rotation on the local heat transfer coefficient, 


















































Fig. 5.1.7 The effects of rotation on the local heat transfer coefficient, 
















































Fig. 5.1.8 The effects of rotation on the local heat transfer coefficient, 















Fig. 5.2.1 Streamline and Isotherm plots with 2/1=re , Ra= 310 , Radius Ratio = 2.6, 









e)  Re=50 
   
f) Re=100 
Fig. 5.2.1(Continued) Streamline and Isotherm plots with 2/1=re , Ra= 310 , Radius 









a)  Re=0 
 
b)  Re=5 
  
c) Re=20 
Fig. 5.2.2 Streamline and Isotherm plots with 2/1=re , Ra= 310 , Radius Ratio = 2.6, 














Fig. 5.2.2(Continued) Streamline and Isotherm plots with 2/1=re , Ra= 310 , Radius 




























Fig. 5.2.3 Streamline and Isotherm plots with 2/1=re , Ra= 310 , Radius Ratio = 2.6, 













Fig. 5.2.3(Continued) Streamline and Isotherm plots with 2/1=re , Ra= 310 , Radius 




















a)  Re=0 
  
b)  Re=5 
  
d) Re=20 
Fig. 5.2.4 Streamline and Isotherm plots with 2/1=re , Ra= 310 , Radius Ratio = 2.6, 











d)  Re=50 
  
e)  Re=100 
Fig. 5.2.4(Continued) Streamline and Isotherm plots with 2/1=re , Ra= 310 , Radius 































































Fig. 5.2.5 The effects of rotation on the local heat transfer coefficient, 
















































Fig. 5.2.6 The effects of rotation on the local heat transfer coefficient, 















































Fig. 5.2.7 The effects of rotation on the local heat transfer coefficient, 
















































Fig. 5.2.8 The effects of rotation on the local heat transfer coefficient, 

















Fig. 5.3.1 Streamline and Isotherm plots with 3/2=re , Ra= 310 , Radius Ratio = 2.6, 









e)  Re=50 
   
f) Re=100 
Fig. 5.3.1(Continued) Streamline and Isotherm plots with 3/2=re , Ra= 310 , Radius 









a)  Re=0 
 
b)  Re=5 
  
c) Re=20 
Fig. 5.3.2 Streamline and Isotherm plots with 3/2=re , Ra= 310 , Radius Ratio = 2.6, 














Fig. 5.3.2(Continued) Streamline and Isotherm plots with 3/2=re , Ra= 310 , Radius 


























Fig. 5.3.3 Streamline and Isotherm plots with 3/2=re , Ra= 310 , Radius Ratio = 2.6, 














Fig. 5.3.3(Continued) Streamline and Isotherm plots with 3/2=re , Ra= 310 , Radius 








a)  Re=0 
  
b)  Re=5 
  
e) Re=20 
Fig. 5.3.4 Streamline and Isotherm plots with 3/2=re , Ra= 310 , Radius Ratio = 2.6, 











d)  Re=100 
  
e)  Re=200 
Fig. 5.3.4(Continued) Streamline and Isotherm plots with 3/2=re , Ra= 310 , Radius 





























































Fig. 5.3.5 The effects of rotation on the local heat transfer coefficient, 















































Fig. 5.3.6 The effects of rotation on the local heat transfer coefficient, 
















































Fig. 5.3.7 The effects of rotation on the local heat transfer coefficient, 

















































Fig. 5.3.8 The effects of rotation on the local heat transfer coefficient, 












a)  Re=0 
  




Fig. 5.4.1 Streamline and Isotherm plots with 3/1=re , Ra= 410 , Radius Ratio = 2.6, 









d)  Re=100 
   
e) Re=200 
Fig. 5.4.1(Continued) Streamline and Isotherm plots with 3/1=re , Ra= 410 , Radius 





















a)  Re=0 
 
b)  Re=5 
  
c) Re=50 
Fig. 5.4.2 Streamline and Isotherm plots with 3/1=re , Ra= 410 , Radius Ratio = 2.6, 
















Fig. 5.4.2(Continued) Streamline and Isotherm plots with 3/1=re , Ra= 410 , Radius 















Fig. 5.4.3 Streamline and Isotherm plots with 3/1=re , Ra= 410 , Radius Ratio = 2.6, 












Fig. 5.4.3(Continued) Streamline and Isotherm plots with 3/1=re , Ra= 410 , Radius 




















a)  Re=0 
  
b)  Re=5 
  
f) Re=50 
Fig. 5.4.4 Streamline and Isotherm plots with 3/1=re , Ra= 410 , Radius Ratio = 2.6, 











d)  Re=100 
  
e)  Re=200 
Fig. 5.4.4(Continued) Streamline and Isotherm plots with 3/1=re , Ra= 410 , Radius 

























































Fig. 5.4.5 The effects of rotation on the local heat transfer coefficient, 


















































Fig. 5.4.6 The effects of rotation on the local heat transfer coefficient, 














































Fig. 5.4.7 The effects of rotation on the local heat transfer coefficient, 












































Fig. 5.4.8 The effects of rotation on the local heat transfer coefficient, 










a)  Re=0 
  




Fig. 5.5.1 Streamline and Isotherm plots with 2/1=re , Ra= 410 , Radius Ratio = 2.6, 









d)  Re=100 
   
e) Re=200 
Fig. 5.5.1(Continued) Streamline and Isotherm plots with 2/1=re , Ra= 410 , Radius 





















a)  Re=0 
 
b)  Re=5 
  
c) Re=50 
Fig. 5.5.2 Streamline and Isotherm plots with 2/1=re , Ra= 410 , Radius Ratio = 2.6, 
















Fig. 5.5.2(Continued) Streamline and Isotherm plots with 2/1=re , Ra= 410 , Radius 















Fig. 5.5.3 Streamline and Isotherm plots with 2/1=re , Ra= 410 , Radius Ratio = 2.6, 

























Fig. 5.5.3(Continued) Streamline and Isotherm plots with 2/1=re , Ra= 410 , Radius 







a)  Re=0 
  
b)  Re=5 
  
g) Re=50 
Fig. 5.5.4 Streamline and Isotherm plots with 2/1=re , Ra= 410 , Radius Ratio = 2.6, 











d)  Re=100 
  
e)  Re=200 
Fig. 5.5.4(Continued) Streamline and Isotherm plots with 2/1=re , Ra= 410 , Radius 



























































Fig. 5.5.5 The effects of rotation on the local heat transfer coefficient, 

















































Fig. 5.5.6 The effects of rotation on the local heat transfer coefficient, 














































Fig. 5.5.7 The effects of rotation on the local heat transfer coefficient, 














































Fig. 5.5.8 The effects of rotation on the local heat transfer coefficient, 










a)  Re=0 
  




Fig. 5.6.1 Streamline and Isotherm plots with 3/2=re , Ra= 410 , Radius Ratio = 2.6, 









d)  Re=100 
   
e) Re=200 
Fig. 5.6.1(Continued) Streamline and Isotherm plots with 3/2=re , Ra= 410 , Radius 





















a)  Re=0 
 
b)  Re=5 
  
c) Re=50 
Fig. 5.6.2 Streamline and Isotherm plots with 3/2=re , Ra= 410 , Radius Ratio = 2.6, 














Fig. 5.6.2(Continued) Streamline and Isotherm plots with 3/2=re , Ra= 410 , Radius 



























Fig. 5.6.3 Streamline and Isotherm plots with 3/2=re , Ra= 410 , Radius Ratio = 2.6, 
























f )  
 
Fig. 5.6.3(Continued) Streamline and Isotherm plots with 3/2=re , Ra= 410 , Radius 







a)  Re=0 
  
b)  Re=5 
  
h) Re=50 
Fig. 5.6.4 Streamline and Isotherm plots with 3/2=re , Ra= 410 , Radius Ratio = 2.6, 











d)  Re=100 
  
e)  Re=200 
Fig. 5.6.4(Continued) Streamline and Isotherm plots with 3/2=re , Ra= 410 , Radius 



























































Fig. 5.6.5 The effects of rotation on the local heat transfer coefficient, 


















































Fig. 5.6.6 The effects of rotation on the local heat transfer coefficient, 














































Fig. 5.6.7 The effects of rotation on the local heat transfer coefficient, 




















































Fig. 5.6.8 The effects of rotation on the local heat transfer coefficient, 






























Fig 5.7 The effects of rotation outer cylinder on the overall heat transfer coefficient at 



















Fig 5.8 The effects of rotation outer cylinder on the overall heat transfer coefficient at 
410=Ra with various eccentricity, Radius Ration=2.6  
